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Abstract 

Light-front Hamiltonian for Yukawa type models is determined without 
the framework of the canonical light-front formalism. Special attention is 
given to the contribution of zero modes. 
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> ! 1 Introduction 

o : 

^ ■ During the last years, quantization on the light front has been one of the intensively 

■ developing topics in field theory (see review [JXJ] and the references therein). The most 
attractive feature of the light front formalism is the simplicity of definition of physical 

^ \ vacuum state. It is this feature which instils hope that light-front Hamiltonian 

approach might give nonperturbative solution of relativistic bound state problems 

■ in strong interaction. However for a complete attack on QCD to be feasible many 
technical obstacles remain still to be overcome. One of such obstacles is known as 
zero-mode problem 0, || and will be the main topic of the paper. 

C*""* \ In the canonical light-front formalism zero modes, i.e. fields that are constant 

along x~ = 4= (x° — x 3 ) (x + = A= (x° + x 3 ) - plays the role of time), are not, 
generally speaking, dynamical variables. They have to be determined from the 
solution of nonlinear operator constraint equations. Only an approximate solution of 
such equations is possible and even in the case of two dimensional scalar field theories 
it causes considerable difficulties M. On the other hand zero modes are needed for 

. ^ | computation of the Poincare generators. As was noticed in || the neglecting of zero 

modes contribution leads, for example, to breakdown of rotational invariance in the 
^ ■ theory with fermions. As the result the operator constraint equations in canonical 

light-front formalism must be solved before the correct light-front Hamiltonian P + = 
^{Po + P3) can even be written down. For gauge theories the zero-mode problem 
becomes much more complicated. 

Various attempts were undertaken to avoid the solving of constraint equations 
and to obtain an effective light-front theory ||. Nevertheless, many aspects of the 
zero-mode problem are not yet completely under control and there is still some 
necessity in developing other ways to construct the light-front Hamiltonians. 

It is our intention to discuss here a method of construction of light-front Hamil- 
tonians without the framework of canonical light-front formalism. The method was 
proposed in [^] and applied there to the scalar field theories. We investigate here 
the case of theories with fermions. We determine the matrix elements of the Hamil- 
tonian P + in the same Fock space that is used in the canonical light-front formalism 
but via Green function equations and special analysis (without exact calculation) of 
Feynman diagrams for Green functions to all orders in perturbation theory. Such 
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analysis allows to pick out the contribution of zero modes to the light-front Hamilto- 
nian without direct solving the constraint equations. We find that zero modes lead 
to additional contributions in comparison with naive canonical light-front Hamilto- 
nian. The structure of such terms is discussed in detail. 

In section 2 we put forward the method to construct the light-front Hamiltonian. 
We apply it to the case of Yukawa model and discuss contribution of zero modes 
to the Hamiltonian. Section 3 contains general consideration of Feynman diagrams. 
In this respect, a convenient technique is proposed to select role of zero modes. We 
conclude in section 4 with a brief summary of the obtained results. 



2 Hamiltonian 

We consider a system characterized by the Lagrangian 

— 1 777 2 — 

L = ^(7^ - M)^j + -d^dy - — 2 + g^<P (2.1) 

The theory ( [2.1Q admits canonical quantization on the x° = surface which we 
will assume to be fulfilled, that is 

[<P(y),d <P(x)]5(y°-x ) = 6®(y-x), 
{^ a {y)^\{x)}5{y -x ) = S a ^\y-x) (2.2) 

and all the other (anti-) commutators are zero. 
The fields <f)(x) and ip(x) satisfy the equations 

(i T ^-M + #)V = 0, 
(□ + m 2 )0 - gipip = 0. (2.3) 

These equations of motion (|2.3|) and the equal-time commutators then yield usual 
equations for the quantities T(i/) ai (xi) . . .^^(yi) . . . 4>{z\) • • •), where T stands for 
the x° - chronological ordering operation. We will use them below. 
Define the operators a(k),b(kX)d(k\) via fields on the light front 



a(k) = I rf 3 x2fc„e i/c:r 0(x) \ x + =0 , k- > 0, 
b(k\) = J ^xe^uikX^+^ix) \ x+=0 , k_ > 0, 
dikX) = f d?^(x)~i + v(k\)e ikx | x+=0 , k_ > 0. (2.4) 



Here and throughout the paper the following notations are accepted: x = (x ,x x ),k = 
(/c_, fcj_), x 1 - = (x 1 , x 2 ), k± = (hi, k 2 ),k± = ^(k ± A; 3 ), kx = k + x + + k^x~ + k\x x + 
k2X 2 . u(k\) and v(kX) are free Dirac spinors with usual normalization conditions: 
u(kX)u(kX) = 2M, v(kX)v(kX) = -2M. 
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In the canonical light-front formalism the operators a(k),b(kX),d(k\) and their 
conjugate play the role of annihilation and creation operators and satisfy the fol- 
lowing commutation relations 

[a(k),a^{p)] = {2ii) 3 2k^ {3 \k-p), 
{b(k\),tf(pn)} = (2<K) 3 2k„5 i3 \~k-p)5 Xll , 
{d(k\),d!(pfi)} = (2n) 3 2k^ 3 \~k-p)5 x ^ (2.5) 

the other (anti-)commutators are zero. In the canonical light-front formalism these 
commutation relations are postulated. In our case they should, in principle, be 
proved. It can be done at least in framework of perturbation theory but here we 
assume the relations ( |2~5| ) without any proof. 

Simple kinematical arguments || [7]] show that the operators (|2.4j) annihilate the 
physical vacuum |0). This feature and the commutation relations ( |2.5| ) permit us to 
construct a light-front Fock space above the physical vacuum from the basis vectors 
like 

Mi • • • qxm ...*!...) = 6 f Mi) • • • ^(gi/ii) • • • a\h) . . . |0) (2.6) 

Consider a set of wave functions {k\X\ . . . qi^i . . .t\. . . \P), where \P) is any 
eigenstate of the operator P M , i.e. P^\P) = p^\P). Determination of matrix elements 
of P^ in the basis (|2.6|) is equivalent to finding Schrodinger equation for the wave 
functions. To obtain these equations we rewrite the wave function in the form of 
integral of Bethe-Salpeter (BS) amplitude {Q\T(i/j(x) . . . ip(y) . . . <f>(z) . . -)\P) 

(kiXi . . . qifii ...ti...\P) = 

i * j 

x n (d^2t,_e^& + )) (0\T^ ai ( Xl ) . . . Mvi) ■ ■ ■ <t>{zx) ■ ■ -)\P) (2-7) 

i 

Here the symbol T means the chronological ordering operation along x°. Without 
T-ordering the right-hand side of relation (|2.7|) is just substitution of definitions 
( [2.4]) . The representation Q2.7p is possible due to the fact that difference between 
product of fields and T-product of fields is translationally invariant quantity but the 
Fourier transform of such quantity is proportional to 5(J2 K- + J2 Qj- +J2ti~) = 
as longitudinal momenta ki-,qj-,ti- are positive. 

Let (0\T(ip ai (ki) . . .ipp^qi) . . . 0(£i) . . -)\P) denote the Fourier transform of the 
BS amplitude (0\T(ip ai (xi) . . .ipp^yi) . . .<j>(zi) . . -)\P)- Then one has 

(hXi . . . q\H\ . . .h . . . \P) = 




x(O|T(^ Ql (fc 1 )...^ 1 (g 1 )...0( Pl )...)|P) = 

= U 2t i li^'ShXi)^ liiXpfv x 

I i j 

x(0\T^ ai (h) . . .^(q,) . . .<P(h) . . .)\P), (2.8) 
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where we have introduced short notation for the integral over plus-component of 
momenta (the overline). 

The equations to be found will be obtained from the relations 

(kiXi . . . qifii . . . ti . . . \P+\P) = P+(hXi . . . gi/ii ...t 1 ...\P) = 

= n 2t i- n u < (h^ha^ n w 3 ) x 

l i j 

+ £<&+ + E*'+)(oi T (^i(fci) • • -^Mi) ■ ■ ■ rth) . . .)\p) (2.9) 

i j I 

Let us consider only one of the items of the sum in the right hand side of equation 
( |2.9| ). The other items are considered analogically. From the equations for T- 
products of fields we get 

M 2 + k* 



7 + A; 1+ (0|T(^(A; 1 ) . . .)|P) = - — '^ 7 + (0| T^h) . . .)|P>- 

,M — 7 ± /ci_l , Ins/ - d 3 k d 3 k , n r r s 

~9{ J 7 + + -^7°7" / , n L, n ^ (27r) 3 ^(fe 1 - Zi - Z 2 ) x 



2fc x _ ' v^' ' 'J (2vr) 3 (27r) 3 



x(O|T(V(Zi)0(Z 2 )...)|P), (2.10) 

where dots denote all the other fields that enter in BS amplitude and are the same 
in the left- and right- hand sides of equation ( |2.10| ). A term with 5- function which 
usually has place in equations for Green functions disappear due to positivity of 

Qj—- 

The first term in equation ( |2.10| ) having substituted in ( |2.9|) gives ((M 2 + 
kijj/(2ki-)) (kiXi . . . \P) but the second term in equation (|2.10|) must be trans- 
formed further to be presented in the form of linear combination of wave functions. 
Indeed, it includes 7 _ (0|T(-?/> . . .)\P) instead of ^ + (Q\T(ip . . .)\P) that enters in the 
wave function representation ( |2.8| ). Besides the region of integration in ( |2.10| ) over 
Zi_ , Z 2 _ is spread from — oo to +oo and includes the points Zj_ = 0. If the function 
(O|T(-^(Zi)0(Z 2 ) • • -)\P) has a behavior like 8{U-) it gives a singular contribution of 
zero modes. Revealing such contribution is the main aim of our consideration. 

If Zi_ 7^ one rewrites term with 7" in the form of terms with 7 + using again 
the equations for T-products 

i 7 V(oiWi)...)iP) = M+ 2 ^ h± i + (o\Tm 1 )...)\p}- 



(2tt) 3 5( 3 )(/~ 1 - l u - /~i2)7 + (O|T(^(Z n )0(Zi2) • • .)l^> 



2Zi_ J (2tt) 3 (2tt) 3 

(2.11) 

We have not written the terms with 5-functions because fermion fields marked by 
dots enter in equation (|2.9| ) in the form but {j°j~if}(x), ip(y)'y + }5(x — y°) = 0. 
As a result we obtain 

M 2 + kl 



7 + A: 1+ (0|T(^(A; 1 ) . . .)|P> = M ' " ,LL 7 + (0|T(^(Afi) . . .)|P>- 

2/ci_ 
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r d 3 h d% , x ,,.o Wr ~ ~ W M - 7" L fci_ L M + 7-Hh. 



x 7 + (O|T(^(/ 1 )0(/ 2 )...)l^) + 

d 3 ln d 3 l 12 d 3 l 2 , n , 3fm ,r r r 7^ 



(27r)3(27r)3(27r)3^ ' ^ 11 " " 2(Z n _ + Z 12 _) 
x(OTO(Zn)0(/i2)0(/ 2 )...)l^) + --- ( 2 - 12 ) 
where dots mean possible singular contribution of the mode Zi_ = that comes 



from the (O|T(-0(Z 1 )0(Z 2 ) . . -)\P)- In respect to /]_ the integrals in equation (|2.12|) 



are taken in the sense of principal value that is marked by PV J (i.e. Zi_ = is 
excluded) . 

The first term in ( |2.12| ) gives the following contribution to the Schrodinger equa- 
tion 

M 2 4- k 2 

P + (hXi \P}= , + U (Ma \P) + ■ ■ ■ (2.13) 

Let us discuss the contribution to the Schrodinger equation from other terms of equa- 
tion ( |2.12| ). It proves convenient to define at this stage the connected Bethe-Salpeter 
amplitude (0\T(ip . . .ip . . . <fr . . -)\P) C as an amplitude which cannot be presented in 
the form like (0|T(. . .)|0)(0|T(. . -)\P), where dots denote fields belonging to subsets 
into which the set ip, . . . ,ip, . . . , 0, . . . is divided. Arbitrary BS amplitude can be 
expanded into a sum of connected BS amplitudes multiplied by connected Green 
functions. For example, we can symbolically write for the BS amplitude in the 
second term of equation (|2.12|) 



(o|TM W(i 2 ) . . .)\p) = ( o |tmw(i 2 ) . . Q|P ) C + 

+ E(0|W(/i)...)|0) c (O|T(0(/ 2 )...)|P) C + 

+ E(0|W2)--.)|0> C (0\Tm l )...)\P) c (2-14) 

In this decomposition we take into account that / x _ + / 2 _ = > and all the other 
longitudinal (minus-component) momenta are positive. The sum in ( |2.14| ) is spread 
over all possible unordered partitions of the set of fields tp(k 2 ), . . . , 4>(qi), • • • , 0(^i), • • • 
into subsets and the dots denote fields belonging to these subsets. 

Introduction of connected BS amplitude is justified by the fact that the wave- 
functions (kiXi . . . qi^i . . . ii . . . \P) have as the integrand in equation fl2.8|) only con- 
nected BS amplitude due to positivity of corresponding Having substi- 
tuted the decompositions like ( |2.14[ ) into equation ( J2.12[ ) and then into equation 



( |2.9| ) one transforms the right-hand side of (|2.9| ) to desirable form except for the 
region of values for variables . In wave functions all of the longitudinal momenta 

must be positive. 

As we will see in next section the function (0\T((j + ip) . . . ( , 0>7 + ) . . . 0. . -)\P) C 
is zero if at least one of the longitudinal momenta of the fields is negative and 
it has no singular contribution of zero modes. Therefore, for connected BS am- 
plitude the region of integration over longitudinal momenta in equation (2.12) is, 



in fact, restricted to U- > 0. That also means that all zero mode contribu- 
tions to Schrodinger equation and Hamiltonian can come only from the factors 
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(O|T , (( 7 +, 0) • • • ■ ■ ■ • • -)|0)c i n the decomposition into connected components 

and from the function (O|T((7~-?/>(/i))(7 + -0(A;2)) . . . (^7 + ) . . . . . -)\P) C (see equation 
( PIOD and below) 

In next section we will analyse these questions via consideration of Feynman 
diagrams for connected Green functions. Let us briefly summarize here some results 
of this consideration. First of all, the function (0|T(. . .)|0) c , where dots mean fields 
7 + ^, "07" 1 ", <pi with the number of fields more than two is proportional to Yli6(ki-), 
where are longitudinal momenta of the fields. Secondly, two-point functions 
have a term proportional to the YliS(ki_) and an additional term which is 



7 + (0|T(^(/)^(A;))|0) c 7 + = (2nf5 {3 \l + k)9(0)-f + , k_ > (2.15) 
for fermion fields and 

WWWJWFc = (2rr) 3 5 i3 \l + k)^-, k- > (2.16) 

for boson fields. 8(x) is the step function. 

These additional terms reflect the fact that nonzero modes of the fields on the 
light front satisfy commutation relations (|2.5|) . 



Thirdly, (0 |T( (7-^ (h)) ( 7 +-0(& 2 )) . . . (V>7 + ) . . . . . .)|P) C has a singular part (due 
to zero mode /i_ = 0) which is 



(o|T( 7 -^ih + ^ 2 ) • • M<ih + ■ ■ ■ m ■ ■ -)\P) c I zero mode L. 



u b 



1 



9Mh) E (0\T(j-^(k) Wi + Uh^(k 2 ) . . . ^(g) 7 + • • • m . . .)\P) C + 

U=l *H- 



"S 

i=l 



+ E(- 1 ) n/+J (0| T (7-^(^i) <P(h + q t h + ^(k 2 ) ■ ■ ■ ^(%)7 + • • • <Kt) . . .)\P)c 



(2.17) 



where A(l) ~ 6(1-) and A{1) = ± 7 ~ 7 + / ^D{l)S- l {l)G{l)Tl + and D(l) =%/{l 2 - 
M 2 + ie), S(l) =i/(/-M + ie), G(l) is the Fourier transform of (0\T{ij)(x)ip(y))\0) 
(G(l) = J <i 4 xexp(iZ(x — y))(0\T(ip(x)ip(y))\0)). Underbrace under some term means 
that this term is dropped. 

Taking into account enumerated results the decomposition (|2.14j) , for example, 
becomes 



|T( 7 +^i)0(/ 2 )...)| J P) = (O|T(...)|P) c 

n f 



+ E(- 1 ) n/+l (0|^(7 + V'(/i)V'(%)7 + )|0) c <0|T( 7 + ^i) cf>(l 2 ) . . . (^) 7 + ) . . .)l^>c + 



n b 



+ E (O|T(0(Z 2 )0(t i ))|O) c (0|T( 7 +^(Zi) 0(Z 2 ) . . . <j>(U) . . .)\P)c + 



+ (O|0(/ 2 )|O) (o|r(7+v(/i) 4(h) ■ ■ -)\P)c (2.18) 
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We took into account that fermion fields enter in ( |2.9[ ) in one of forms 7 + V ; , V ; 7 + - 

Having substituted ( |2.18|) into ( |2.12j ) and then into ( |2.9|) we obtain the contri- 
bution of the second term from fl2.12|) to Schrodinger equation 

p+<A:iAi . . . \P) = . . . - gJ2 [ [dh)[dl 2 ](2ir) 3 6® {h - h - Z a )x 

(71 J 

x^(fc 1 A 1 )( M ~^ ±fcl± 7 + + 7 + M ~^S ^Vi)(Wi^ 2 • • • |P> - 

-5Z^(-1) / « (fciAiX — 7 ~7 = MftW x 

~i 2ki- 2ft_ 

x(ki\i(ki + qi) ■ ..qm- . . \P) - 

-2§E^iAi)^ 2fci _ 7 +7 2(fcl _ +tt _) J«(fe + W x 
x<A;iAi(fe 1 + t < y... *< 

-^<M,..|^ (2,9) 

To obtain ( 2.19] ) we used the relation 

7 + = ^7 + E«(M«(^)7 + (2.20) 

Notation [g?Z] = ^f 2 f , Z_ > was also introduced. 

With the aim of comparison with canonical light-front Hamiltonian it is conve- 
nient to extract from ( |2.19| ) the expression for the Hamiltonian P + in the operator 
form. For example, the first term of ([2.19 ) gives the following operator expression 



-<?E / [dp}[dq}[dk}(2n) 3 6^\p - k - q) 



Act 



X 



xu(p\)( M J V 7 + + 7 + M 2 q ±q± >M b\p\)b{qa)a{k) (2.21) 

It is exactly the same term that appears in naive canonical light-front formalism 
without zero modes. Analogically, one can determine operator expressions for other 
terms of (|2.19|) and establish the correspondence with naive canonical expressions 
for all terms except the last one which represents effective contribution of zero modes 
and is equal to 

Ef[dk)(-l)^^b\kX)b(kX) (2.22) 



Similar consideration of the third term in (|2.12 ) leads to operator terms some 
of which coincide with canonical ones, and we do not discuss them. We concen- 
trate only on the difference between our and naive canonical Hamiltonian. This 
difference is connected with zero modes. In the decomposition of the function 
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^O|r(^(/ii)0(/i 2 )0(/2) • • • \P) into connected components we have the following sin- 
gular zero mode terms 



|T(0(Z 12 )0(Z 2 ))|O) C (0|T(^(/ n ) 0(/i 2 )0(/ 2 ) • • .)|P) C , (2-23) 



(O|0(/ 12 )|O) (O|0(/ 2 )|O) (O|T(^(/ n )0(/ 12 )0(/ 2 )...)|P) c , (2.24) 



(O|0(/ 12 )|O) (0|T(V(Zu) <p(li2) <j>(h) ■ ■ -)\P)c (2.25) 



and 



(O|0(Z 2 )|O> (0\T(^(l u )<p(l u )^l...)\P} c (2.26) 
They generate the addition to the fermion mass term 

(2.27) 

and the following interaction that must be added to ( |2.21| ) 
S 2 <0> E / [dp][dq][dk](27rf5®(p - q - k)b\pX)b(qa)a(k)u(pX)(^- + £-)u(qa) 

Act J Z P~ l 1- 

(2.28) 

Note that the last term in fl2.27|) can be presented as a sum of two parts: first one 



is 

dH 2k. 



(2tt) 3 2|/_|2(A;_ + /_) 

and it is called in the literature |J the self-induced inertia. In canonical light-front 
formalism it arises from normal ordering of the seagull terms || . The second part 
actually presents zero mode contribution and is absent in naive canonical expression. 
It is the (O|(0— (0)) 2 |O)o ( subscript indicates that we take into account only zero 
mode). 

Now let us discuss zero mode contribution caused by fl2.17| ). Substituting ( J2.17[ ) 
into ( [2.10|) and then into Q2.9|) we obtain the following contribution to Schrodinger 



equation 



a 2 1 r d 3 l 1 

MMi - - - \P) = ■ ■ ■ - ^-«(^ A i)^7 y j^AQM^ — faXt • . • \P)- 



x o ,, - , r ((li + t i )al 2 k 1 X 1 k 2 X 2 ... U ...\P)- 
*{h- + n-) ^-v— ' 

n f , J3f 2 r _ 1 



xAil^viq^dh + qi )l 2 Mi k 2 X 2 ...q^... \P) (2.29) 
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The first term in ( 2.29| ) gives an addition to the fermion mass term of the light-front 
Hamiltonian and agrees with results found by Burkardt |5|. |3| . 



£ / [dk]b\k\)b{k\)^f (fi(*A)-^7°[ / ^A(f)] U (k\)^ (2.30) 

The contribution of other terms of Q2.29| ) to the Hamiltonian has the following 
operator form 

-g 2 J2 I {dk l }{dk 2 ]{dh}[dk A }(2ix)H^\h + h-h~ k) x 



(m(M)^7°^3 - k 2 )u{ha)b\hX)a\h)b{h°)a{k A ) + 

+ u(A; 1 A)-^=7°A(fc 3 - k 2 )v{k 2 a)b\hX)<${hv)a{h)a{h^ (2.31) 

However, since these operator terms contain two cteation operators (fermion and 
boson or antifermion) and, as consequence, they act on states with at least two cor- 
responding particles we, to obtain correct expression for the Hamiltonian, have to 



consider the other items in (21!) which correspond to boson and antifernions. Anal- 
ysis analogical to the above-mentioned leads for these cases to the expressions that 
together with ( [2.31 ) cancel each other. So the full contribution of such zero mode 



terms to the Hamiltonian is zero. For the same reason the zero mode contribution 
of fermion and antifermion fields to the boson mass term of the Hamiltonian is equal 
zero. 

Thus the full contribution of zero modes to the light-front Hamiltonian of Yukawa 
model consists of additions to the fermion mass term ([2.221) , (|2.27|) and (|2.30|) and 



additional three-particle interaction (|2.28|) and analogical terms with antifermion 



operators and terms that are hermitean conjugate to them. 



3 Feynman diagram analysis 

To prove statements used in section 2 let us consider an arbitrary Feynman diagram 
that represents connected (n-t-m)-point connected Green function W n \ m (ki, . . . , k n \ — 
Pi, . . . , —p m ). Momenta corresponding to amputated lines are pi, ■ ■ ■ ,p m , they are 
ingoing and Pi^ > 0. Momenta k±, . . . , k n are outgoing. There are no restriction on 
the sign of (For Fourier transform we use the same definition as in section 2) 
The expression for the integrand of the diagram is 

I{W) = C{W) n P{h) T2 — Vr- f[(2n)W 4 \P v - 5> w AvO (3.1) 

1=1 fc Z m l + le v=l n 

Here C{W) contains all factors belonging to the vertices. k\ are momenta of both 
external nonamputated lines (I = 1, . . . , n) and internal lines (I = n + 1, . . . , L), 
V - is number of vertices. We assume at the moment that V > 1. Special case 
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with V = corresponds to free two-point functions. Polinom P(ki) is 1 for scalar 
lines, P(ki) =fti + mi for fermion lines with one exception that we indicate below. 
Pv = J2Pk v is the sum of momenta pk going into the vertex v. e v i is the vertex-edge 
incidence matrix of the diagram [|Kj]. Direction of fermion lines is chosen along 
the charge spreading. If the direction of external fermion line and corresponding 
momentum are opposite then for this line P(ki) = — fci + mi. The orientation of 
scalar internal lines is chosen arbitrary. 

It proves convenient to use the following integral representation of free scalar 
propagator and ^-function 

dM(a,y a!(fe "- m ' +ie) , (3.2) 



kf — mf + ie 



IX 



2n5{P v+ - E e vl k l+ ) = J dy+e-^-Z^^ (3 . 3) 

and to change P{h) — > P(i-^)e~ ikl ^ 1 |^ =0 . 

Integration of I{W) over ki + , (I = 1, . . . , L) then yields 

r L ji V 

1 = / II ^r-im = c(w) U(^ i2 \Pv± - E e ^^)x 

J 1=1 Z7T v=l I 

x / n (dy+6(P v .- y £eviki-)e- i ^ p ^ J f[ (da,0(a,)P(i^-) 
x 6(2 ai k^ + E vUvi - i+) e - ia ^^-^- il A | 6=0 (3.4) 

V ) 

Note that we integrate not only over internal lines but also over external lines (see 
Consider at first conditions that are determined by (^-functions 

Ip(2a,fc,_ + 5>+e„, - fl s ( p v- - E e «i'**-) ( 3 - 5 ) 

1=1 v v=l v 

Let us resolve them in respect to k\_ and y+. Introducing a matrix C vv > = J2i e vi^£v'i 
we get 

ki- = £^<#(^--£^) + |£- (3-6) 

vv , 2a>i v lay lai 

vt = -c'-J(^--E^) (3-7) 

V Mv 

Let us imagine that all external nonamputated lines have common additional ver- 
tex ( (V + l)-th vertex) and denote such new diagram as G' . Then the following 



representation will take place JTT 
v 



J2c-h v bvi = 7^2(11 2 «<)( E E b v ) 

vv' U\OL) T2 lt g T2 halfT 2 halfT 2 
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for vectors a and b having YX=i a v — Ylv=i b v = and 

^(«) = E(II 2 «/) 

Here T\ is a 1-tree of the graph G', i.e. a connected subgraph containing all vertices 
of G' and not having cycles. T 2 is a 2-tree of the graph G', i.e. a subgraph of G' 
containing all vertices, not having cycles and consisting of exactly two connected 
components. Applying ( ^.8| ) to ( PT5| ) we obtain 

= E( n 2«,)( e n-) - E#(-ir«'(E( n 2 ^)) (3.9) 

T U j£T u hcdfT u V=l T- u , jtfCfo, 

here we took Pr v+1 \ = — J2v=i Pv-- Tu denotes 1-trees T\ which contain the line I. 
The notation J2haifT u means that the sum is done over such 2-trees T 2 which become 
1-trees after adding the line I, and we choose that half of corresponding 1-tree Tu 
from which the line comes. T ul , is a 1-tree T\ with a cycle that contains lines I and 
and that converts into 1-tree after removing any lines of that cycle. At last, ow = 
if the directions of the lines / and /' are agreed in cycle and au> = 1 otherwise. 
So we get 

f[6(2 ai ki- +J2Vv^i - tf) II 6 ( p v- - E £ *^-) = 

1=1 v v=l I 

= nwt-DiiN( e ^-)+E#(-ir"'(E( n 

1=1 T U j£T u halfTu l'=l T- u> j^, 

x n% + + ^E(nN( E p*-) - ^ E #(E( II 2 % hj) 

„=1 T 2 j?T 2 halfT 2v V=\ T u , j£T u , 

(3.10) 

It follows from ( |3.9|) that for external lines ki_ can be only nonnegative when 
«j > and = 0: indeed, P„_ (v = 1, . . . , V) are positive and momenta of external 
lines are outgoing. As a consequence of (|3.10[) we obtain I — if at least one of 
external momenta is negative. 

We will have a singular contribution of zero mode, i.e. if J2T u (Tlj&T u 2a?) 

(J2haifT u Pv-) = exactly for all values of as. It has place for diagrams without 
amputated lines ( all P„„ = 0). As we saw in previous section such cases correspond 
to some vacuum expectation values in the light-front Hamiltonian. For theories with 
only scalar fields it exhausts all possible contributions of zero modes. For theories 
with fermion fields there is also another possibility. If some of c^tli are exactly zero, 
i.e. there are some S(ai), then we also can get 5(/c/_). It is simply to understand 
that fact from the following analogy with electrical circuits. If we identify 2a; as a 
resistance of the link i, hi- as a current in the link i and (—y£) as a potential of the 
junction v then the equations that are determined by 5-functions (|3.5| ) are nothing 
but Ohm's law for the links of the circuit that is presented by the diagram G'. The 
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joint (V + l)-th vertex of external lines has zero potential by definition. Now if 
a.i = then both ends of the link have the same potential and we can reduce this 
link to the one point without changing currents in the other links. If as a result of 
such reduction we obtain a diagram G" that consists of two parts connected with 
each other only through this point and if one part of two has no external amputated 
lines, i.e. no external current goes in it, then currents in all links of this part will be 
exactly zero. We will call such part of diagram G' generelized tadpole and denote 
it G' t . The reason of appearence 5(a) in ( 3.4j) is the following. In expression ( |3.4Q 



for fermion fields there is Pii-ir) which contains a term with 7 + ^t^t, and we have 
derivative of 5-function i-^p5(2aiki^ + J2vVv £ vi — that leads to 5(a). To see 



that let us transform (|3.4j) in a following way. We introduce 1 in fl3.4|) in the form 
1 = /(nJLi d\ v 5(\ v — Y,i e vi®i))- Then we resolve 
l v 
]J 5(2a t k_ + Vv £ vi ~ II - £ vi a i) 



1=1 v v =l 



in respect to ai and y+ (as we did above in respect to ki and y+) and get ai and y+ 
as functions of k- , £ + which have the same form as ( |3.6| - [3.9|) with rechange a\ <-> 
ki-, A u «-> P v -. The result of differentiation over £^ can be rewritten in the form 



Y\5(2aih_ +Y,Vv £ vi 



x 



A da,_. 

U=l uc *3 




(3.11) 



where 



w = { - 1)n 'w)¥M 2k " 1 (3 ' 12) 
§ - 2k '- ] (313) 

Et u = ±1: it depends on whether the i-th line goes out or in the half of Tu which 
contains the vertex v. The sum in Q3.13|) is over such Tu which have the verteces v 
and (V + 1) in different halfs of T u . D(k) = J2 Tl (Il jm 2%_). 
As a result we obtain terms with -J^9(ai) = 5(a{). 

Note that we must here consider only derivatives St for external lines because 

for internal lines we do, in fact, integration over internal longitudinal momenta. 

Let a\ = leads to generalized tadpole subgraph. Until ^ longitudinal mo- 
menta in generalized tadpole subgraph are of the order £ + (see (|3.9|) ) and, therefore, 
STi(rLvTi 2%-) = 0((^ + ) c_1 ), where C is the maximal number of independent 
cycles made up of lines belonging to G' t and the line I. At the same time 

Vf TT 2k )-l °^ + ^ [UeG 't 
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S° ^r|g+=o will be different from zero only if i-ih line belongs to the subgraph G[ 
and in this case for external line ^p|^+ = o = {~^-Y il ^ as h follows from ( |3.12| ). 



The derivative always appears in combination with 7 + . Therefore for func- 
tions (0|T((7 + -?/>) . . . (^7 + ) . . . 4> . . -)\P)c derivative 1 + Sr can n °t appear. Thus for 
these functions there are not additional contributions of zero modes. 



We want to find singular contribution of zero mode Zi_ in (OlT^'iJj^^'y+ip^) 



. . . VK<?)7 + . . . 4>{t) . . .)\P) C which is contained in equation fl2.10|) . As was showed 
above we must take into consideration only the derivative l + -^r an d it must belong 
to the generalised tadpole subgraph. The tadpole fermion line containing Zi-th line 
can lean on scalar or antifermion external lines for which the 5(ai) appears. It is 



obviously that after taking off 5(ai) in (|3.4j ) the contribution of generalized tadpole 



subgraphs are factorized, and we can write 

(o|T( 7 -^ih + V>(fe) . . . ■ ■ ■ 4>(t) ■ ■ .)\p) 

c I zero mode U. 



£ ^-A{h)(0\T{ 7 -rl>{h) + Uh^(k 2 ) . . . ^(g) 7 + . . . <t>{U) . . .)\F) e + 
i=1 2t<_ > . < 

n f 

— -s 

i=i 



+gJ2(-l) nf+l A(h)(0\T( 1 -m\<f>(h + qi )l + ^k 2 ) . . .^( qi )j + . . . <j>(t) . . .)\P) e 

(3.14) 



where A(l) = ±7-7+ / f^D(/)S- 1 (/)G(/) 7 -7+ and D{1) = i/(l 2 - M 2 + ie), S(l) = 
i/(]/—M+ie), G{1) is the Fourier transform of (0|T(^(x)^(y))|0) (G(l) = J d^x exp(z(x- 
y)l){0\T(i/;(x)ip(y))\0)). As was shown above A(J) ~ 6(1-). 



4 Summary 

We have proposed noncanonical approach to obtain Schrodinger equation and light- 
front Hamiltonian in the light-front Fock space. In this method we deal with BS 
amplitudes and light-front Hamiltonian is extracted from the equations for these am- 
plitudes. To do this we have also carried out special analysis of Feynman diagrams. 
The advantage of the proposed method is that we obtain light-front Hamiltonian 
directly in normal form in respect to light-front annihilation and creation operators 
and quite simply get contribution of zero modes to this Hamiltonian. The terms 
caused by zero modes include as a factor initially unknown vacuum expectation 
values (VEV) such as (0), (0 2 ) and some integrals of (0\T(i/;(x)'^(y))\0) and these 
factors are effective manifestation of zero modes. As discussed in |7], |3|] if the eigen- 
values and the eiqenvectors of P M are known then one can calculate these VEVs 
remaining in the light-front approach despite unknowledge of exact operator expres- 
sions for zero modes. Thus, solution of field theoretical models in the light-front 
Hamiltonian approach needs a self-consistent simultaneous determination both of 
the spectrum of P M and these VEVs. 
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